Abstract -This paper concerns 2-dimensional (topological locally compact connected) Minkowski planes. It uses a construction of J. Jak6bowski [4] ABSTRACT. This paper concerns 2-dimensional (topological locally compact connected) Minkowski planes. It uses a construction of J. J ak6bowski (4) of Minkowski planes over half-ordered fields and applies it to the field of reals. This generalizes a construction by A. Schenkel (7) of 2-dimensional Minkowski planes with 3-dimensional kernel.
Introduction and notation
A Minkowski plane M = (P, K, {II+, II-}) consists of a set of points P, a set of at least two circles K (considered as subsets of P) and two equivalence relations II+ and II-on P (parallelisms) such that three pairwise non-parallel points (that is, neither (+)-parallel nor (-)-parallel) can be joined by a unique circle, such that the circles which touch a fixed circle I< at p E I< partition P \ IPI (where IPI = IPI+ U I PIdenotes the union of the two parallel classes of p ), such that each parallel class meets each circle in a unique point (parallel projection), such that each (+)-parallel class and each (-)-parallel class intersect in a unique point, and such that there is a circle that contains at least three points (compare [7] ). A topological Minkowski plane is a Minkowski plane in which the point set P and the set of circles K carry topologies such that the geometric operations of joining, touching, the parallel projections, intersecting parallel classes of different type, and intersecting circles are continuous operations on their domains of definition (see [7] ). A topological Minkowski plane is 1991 Mathematics Subject Classification. 51H15.
Typeset by AMS-'lEX called (locally) compact, connected, or finite-dimensional if the point space has the respective topological property. According to [5, 2. 3] a compact connected finitedimensional Minkowski plane can only be of dimension 2 or 4. Whereas there are many models of 2-dimensional Minkowski planes (see [7] , [2] , (9] and [1] ) no other 4-dimensional Minkowski plane than the plane over the complex numbers is known yet. In this note we consider 2-dimensional (compact connected) Minkowski planes exclusively.
The classical model of a 2-dimensional Minkowski plane is obtained as the geometry of non-trivial plane sections of a ruled quadric in the real projective 3-dimensional space. In this case the topologies on the point set and the set of circles are induced from the surrounding projective 3-space.
Each circle and each parallel class of a 2-dimensional Minkowski plane is homeomorphic to the 1-sphere § 1 and the point space of such a plane homeomorphic to § 1 x § 1 . The space of circles is homeomorphic to PGL(2,~) and has two connected components. Conversely, a Minkowski plane with point space homeomorphic to § 1 x § 1 is a topological 2-dimensional plane if each circle and each parallel class is homeomorphic to § In this note we investigate a family of Minkowski planes most of which have 0-dimensional and even trivial automorphism groups. These planes were first constructed by J. J ak6bowski in a slightly different form (and more generally over half-ordered fields, cf. [4] ) and are generalization of the planes with 3-dimensional kernel obtained by A. Schenkel . Although most of the following carries over to the general setting over half-ordered fields, we restrict ourselves to the real situation.
The Minkowski planes M(f,g)
In the remainder of this note let~ denote the projective linear group PGL (2,1R) , that is, the quotient group formed by the general linear group GL(2,1R) of real 2 X 2 matrices modulo the non-zero scalar matrices. Each element of ~ can be represented by a 2 x 2 matrix (: ~), ad-be =I= 0, which operates on the set of 1-dimensional subspaces of IR 2 like the fractional linear mapping x f---+ ~:t~ on § 1 = lR U { oo}. We further denote the subgroup PSL(2,1R) by 6.. This is a normal subgroup of index 2 in ~. In the natural operation of ~ on § 1 given above 6. ·consists of orientation-preserving homeomorphisms of § 1 whereas ~ \ 6. consists of orientation-reversing homeomorphisms of § 1 . It is well known that ~ is a sharply 3-transitive permutation group of § 1 .
The incidence structures M(f, g).
Let f and g be two orientation-preserving homeomorphisms of § 1 . We define The planes M(f,g) also comprise, up to isomorphisms, all semiclassical2-dimensional Minkowski planes. These are planes whose point set is the union of two open connected subsets and certain circles and parallel classes which form the common boundary of both open sets and such that as few as possible circles and parallel classes are used. The induced topology and geometry on each open subset is isomorphic to the topology and geometry of the classical real Minkowski plane on a corresponding set. So the construction of semiclassical planes can be imagined as two halves of a classical plane being pasted together along certain circles or parallel classes. In the above notation the semiclassical 2-dimensional Minkowski planes are precisely the planes M(/t,q, id) for some q > 0. They are obtained by pasting along two parallel classes of the same type.
In order to prove that M (!,g) is a 2-dimensional Minkowski plane we need a wellknown lemma that allows us to recognize orientation-preserving homeomorphisms of § 1 by the number of their fixed points. (f( x1 ), g(y1) ) that touches a at (!( xo ), g(yo) ).
Then 1' = g -l a' f describes the circle through ( x1, Y1) that touches 1 at ( xo, Yo). This shows that there is a unique circle through ( x1, Y1) that touches 1 at ( xo, Yo).
Obviously, each parallel class is homeomorphic to § In the latter case, J{ n T E K J,g, is taken to I< {3r-t ex- 1. Since the circle space has two connected components (namely, ~ and g- The following Lemma shows that these conditions severely restrict the possible forms of a and ,8. 
<P(x + t) = at<P(x) + <P(t)
for all x, t E ~. Since the left-hand side is symmetrical in x and t, we find that at = I<P(t) + 1 for some constant 1 E JR. Since at =/:. 0 for all t E IR, we must have 1 = 0. (Otherwise t 0 = <,P-1 (-~) is defined and at 0 = 0.) Hence at= 1 is constant. Therefore the restriction of <,b to IRis additive. So <,b = '1/J = id (note that <,6(1) = 1). In particular,
Since a8 is a coset of 8 entirely contained in ~ \ ~ for a E ~ \ ~ one readily obtains 3.3. Corollary. (1) (x,y) r-+ (a(x),(3(y) ) is 
(2) (x,y) r-+ (a(x),(3(y)) is an automorphism that preserves(+)-and(-)-parallel classes and exchanges the two connected components of the circle
, and (3a- !-dimensional subgroups. Such a subgroup can either act transitively on § 1 or it has a fixed point. In the former case the subgroup must be isomorphic to S0 2 (IR) and so be a maximal compact subgroup of~. Furthermore, all maximal compact subgroups are conjugate to each other; cf. (3, Lemma 3.12]. In the latter case the subgroup is isomorphic to IR and is, up to conjugation, a subgroup of L 2 (with fixed point oo ). Furthermore, this subgroup then can either act transitively on IR = § 1 \ { oo} or have a second fixed point. Hence, there are three differnt types of closed connected 1-dimensional subgroups.
(3) (x,y) r-+ (a(y),(3(x)) is an automorphism that exchanges(+)-and(-)-parallel classes

(4) (x,y) r-+ (a(y),(3(x)) is an automorphism that exchanges the two connected components of the circle space and also exchanges ( + )-and (-)-parallel classes if and only if
(1) subgroups transitive on § 1 : each such subgroup is conjugate to
x sm t +cost (2) Proof. Without loss of generality we may assume that ¢>fixes oo, 1 and 0. For each r E JR+ there exist an br, Cr, dr E JR, atdt-btCt =/= 0, such that for all x E § 1 . Evaluating both sides at x = oo, x = 0 and x = 1 gives us Cr = br = 0 and ¢>(r) = t· Then
</>(rx) = </>(r)</>(x)
for all x, r E JR, r > 0. Hence, ¢> = /p,q (as defined after Theorem 1.1) for some p,q E JR+. 0 3.7. The connected component r}, 9 of the identity of rf,g consists of mappings of the form 3.3.(1). We define the projections 11'1, 11' 2 by 7l'I(r) = ()! E I: n f-1 2::/ and ?l'z(l) = (3 E I: n g-1 I:g where 1 is described by a and (3 as in 3.3.(1) . These are continuous homomorphisms from r}, 9 to I:. Since 11'i(r 1 ) is connected it follows that a E 6 n f-1 6/ and (3 E 6 n g-1 6g. So 7l'i maps r},g to 6. Moreover, r}, 9 can be identified with a subgroup of 6 X 6. More precisely, r},g "'11'1(r},g) X 7l'z(r},g)• This proves the following Lemma. (x,y) 1-+ (a(x),(3(y)) defines an automorphism of M(f,g) 
3.8. Corollary. The following are equivalent.
(1) f or g belongs to 6;
( 4) at least one of 6 n f-1 6f or 6 n g-1 6g is 2-dimensional; (5) 6 n f-1 6f or 6 n g-1 6g contains a subgroup conjugate toe or ton (see 3.4 for these subgroups).
Proof. Iff or g belongs to 6 then M(f,g) is a plane with 3-dimensional kernel by Remark 2. 7 and Theorem 2.2. Obviously, (2) implies (3).
Suppose that dim r}, 9 ~ 3. Then at least one of 6 n f-1 6f or 6 n g-1 6g must be of dimension at least 2 by Lemma 3. 7. Without loss of generality assume that dim 6 n g-1 6g ~ 2. According to the list given in 3.4 either 6 n g-1 6g = 6 or the connected component of the identity of 6 n g- 1 (2) f-
We will construct homeomorphisms J, g such that h~ n ~k = 0 for all distinct h,k E {J,j-l,g,g-1 } and h~ n ~h = {h} for h = J,g. According to the above Lemma this guarantees us that the corresponding 2-dimensional Minkowski plane M(J, g) has trivial automorphism group. Let f-lr, where r =I= 0, be defined by f-lr(x) = rx for all x E lR and f-lr(oo) = oo.
Also, let p and 17 denote the reflections (a', b', c') and (a, b, c) is satisfied, then it is easy to verify that the corresponding a in the table above satisfies ha',b',c'a = aha,b,c· D 3.12. Theorem. Let a, b, c, a', b' , c' > 0 such that 
